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The energy and photoluminescence (PL) spectra of a two-dimensional electron gas (2DEG) inter- 
acting with a valence-band hole are studied in the high-magnetic-field limit as a function of the 
filling factor and the separation d between the electron and hole layers. For d smaller than the 
magnetic length A, the hole binds one or more electrons to form neutral {X^) or charged (X^) 
excitons, and PL probes the lifetime and binding energies of these complexes rather than the orig- 
inal correlations of the 2DEG. The low-lying states can be understood in terms of Laughlin-type 
correlations among the constituent negatively charged Fermions (electrons and X~'s). For d large 
compared to A, the electron-hole interaction is not strong enough to bind a full electron, and frac- 
tionally charged excitons (bound states of the hole and one or more Laughlin quasielectrons) /iQE„ 
are formed. The PL selection rule associated with rotational invariance (conservation of L) is only 
weakly violated in the interacting plasma, and the position and oscillator strengths of PL lines can 
be predicted and compared with numerical calculations. 
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I. INTRODUCTION 

In order to obtain a better understanding of the photoluminescence (PL) process in 
fractional quantum Hall (FQH) systems, it is important to understand the nature of the 
low-lying eigenstates of the interacting electron-hole system. In this note, we study the 
eigenstates of a system consisting of electrons confined to a plane z = and interacting 
with one another and with a valence-band hole (h) confined to a plane z = d, where d 
is measured in units of the magnetic length A = (hc/eBy^"^. The cyclotron energy huc is 
assumed to be much larger than the Coulomb energy e^/A, so that only the lowest Landau 
level enters our calculations. Energy spectra obtained by exact numerical diagonalization for 
a nine-electron-one-hole system are presented for d = 0, 1.5, and 4, and for z/ = | plus n = 0, 
1, 2, or 3 Laughlin quasielectrons (QE). The low-energy eigenstates can be interpreted in 
terms of excitonic complexes (or the hole) weakly interacting with the remaining electrons. 

For c? -C 1, the hole binds one or two electrons to form a neutral [X^) or charged {X~) 
exciton. The X° in its ground state is effectively decoupled from the remaining A^ — 1 
electrons in a "multiplicative" state |^ whose energy is that of A^ — 1 electrons shifted by 
the binding energy. In contrast, the X~ is a charged Fermion, and it has Laughlin-like 
correlations with the remaining N — 2 electrons [^^. For d 3> 1, the potential of the hole is 
a weak perturbation on the eigenstates of the A^-electron system. The low-lying eigenstates 
can be understood in terms of the angular momenta of the Laughlin QE's and of the hole. 
For intermediate values of ci (1 < < 2), the potential of the hole is not strong enough 
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to bind an electron, but it is not a weak perturbation on the eigenstates of the A^-electron 
system, either. In this case the hole binds one or more Laughlin QE's to form fractionally 
charged excitons (FCX). We denote a bound state of the hole and n QE's as /iQE„. 

There are two separate symmetries which dictate the rules for radiative recombination 
of an electron-hole pair. The most important one is translational invariance, which in the 
Haldane spherical geometry becomes rotational invariance. It requires the total angular 
momentum L and its z-component to be conserved in the radiative recombination process. 
Here L denotes the total angular momentum of the system, not just that of the excitonic 
complex involved in the recombination process. The second symmetry is called the "hidden 
symmetry" [Q. It results from the fact that the commutator of the interaction Hamiltonian 
with the photoluminescence operator C = J rf^r \l/e(r)\l/ft(r) is proportional to C whenever 
the magnitude of the electron-hole interaction \Veh\ is equal to that of the electron-electron 
interaction |Vee|. Because of this symmetry, when d is equal to zero, only "multiplicative" 
states can undergo radiative recombination. Therefore when d <C 1, the PL spectrum con- 
tains information about the X^, while for d > lit contains information about the elementary 
excitations of the Laughlin fluid and their interactions with one another and with the hole. 

II. ENERGY SPECTRA 

In Fig. we present the examples of energy spectra of the nine-electron-one-hole system 
obtained by exact diagonalization in the spherical geometry. The separation d between the 
electron and hole planes is accounted for by taking V^h(r) = — e^(r^ + A^d^)"^/^. The radial 
magnetic field is given by AttR'^B = 2S(f)Q, where R is the radius of the sphere, (pQ = hc/e 
is the quantum of the flux, and the "monopole strength" 25* is equal to an integer. In 
different frames, the values of 2^ are 21 (a-a"), 22 (b-b"), 23 (c-c"), and 24 (d-d"), and 
they correspond to the Laughlin = | state with 3, 2, 1, and QE excitations respectively. 
The interplanar separation equals d = (a-d), d = 1.5 (a'-d'), and d = 4 (a"-d"). 

A. Strong Coupling 

For d = 0, and X~ bound states occur. Because of the "hidden symmetry," the 
multiplicative states containing an have the same spectrum as the eight-electron system 
shifted by the X^ binding energy. The CF model tells us that the effective monopole 
strength seen by one CF in a system of A^' = — 1 = 8 electrons near z/ = | is 25* = 
25 — 2{N' — 1). 5** plays the role of the angular momentum of the lowest CF shell (Landau 
level), therefore S* = 3.5, 4, 4.5, and 5 for the multiphcative states in frames (a), (b), (c), 
and (d) of Fig. 0, respectively. Because the lowest shell can accommodate 2S* + 1 CF's, it 
is exactly filled in Fig. |l|(a), but there are 1, 2, and 3 excess CF's for Fig. |l](b), (c), and (d), 
respectively. The excess CF's go into the next shell as Laughlin QE's with /qe = 5* + 1, 
giving one QE with /qe = 4 (b), two QE's each with /qe = 4.5 (c), and three QE's each 
with /qe = 5 (d). The angular momenta of the lowest band of multiplicative states are 
obtained by addition of the angular momenta of the QE excitations, remembering that they 
are identical Fermions. This gives L = (a), L = 4 (b), L = © 2 © 4 © 6 © 8 (c), and 
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FIG. 1. Energy spectra of the nine-electron-one-hole system for the monopole strength 25* = 21, 
22, 23, 24 (from top to bottom), and for the interplane separation d = 0, 1.5, 4 (from left to right). 
Lines and open symbols mark the low-energy states containing different bound excitonic complexes. 
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L = 0©2©3©42©5©62©7©8©9©10©12 (d). These states are shown as points 
surrounded by a small circle in all frames for c? = 0. In the absence of QE-QE interactions 
(i.e. for mean-field CP's) all the states in the lowest CP band of each spectrum would be 
degenerate, but QE-QE interactions remove this degeneracy. Higher-energy multiplicative 
states that appear in the figure contain additional QE-QH pairs. 

Por the non-multiplicative states we have one X~ and = N — 2 remaining electrons. 
The generalized CP picture |0] allows us to predict the lowest energy band in the spectrum in 
the following way. The effective monopole strength seen by the electrons is 25* = 2S —2{Ne — 
1) — 2Nx-i while that seen by the X~ is 2S*^- = 2S — 2Nf.. Here we have attached to each 
Permion (electron and X~) two fictitious flux quanta and used the mean- field approximation 
to describe the effective monopole strength seen by each particle (note that a CP does not see 
its own flux). The angular momentum of the lowest CP electron shell is /q = 5**, while that of 
the CP X- shell is = - 1 0. Por the system with N^ = 7 and Nx- = 1 at 25 = 21, 
22, 23, and 24, the generalized CP picture leads to: one QH with /qh = 3.5 and one X' with 
Ix- with /^j-- = 2.5, giving a band at 1 < L < 6 for Pig. |l](a); two QH's with /qh = 4 and 
one X- with = 3 giving L = © 1 © 2^ © 3^ © 4^ © 5^ © 6^ © 7^ © 8^ © 9 © 10 for Pig. |l|(b) ; 
three QH's with /qh = 4.5 and one X' with l*^^ = 3.5 giving L = © 1"^ © 2^ © 3^^ © . . . 
©11^ © 12^ © 13 © 14 for Pig. |I](c); and four QH's with /qh = 5 plus one X' with l*^^ = 4 
giving L = 0^ © 1^ © ... © 16^ © 17 © 18 for Pig. |l](d). In the figure, we have restricted the 
values of L and of E, so not all the states are shown. 

B. Weak Coupling 

Por d ^ 1, the electron-hole interaction is a weak perturbation on the energies obtained 
for the A^-electron system |^. The numerical results can be understood by adding the angular 
momentum of the hole, Ih = S, to the electron angular momenta obtained from the simple 
CP model. The predictions are: for 25" = 21 there are three QE's each with /qe = 3.5 and 
the hole has Ih = 10.5; for 2S = 22 two QE's each with /qe = 4 and Ih = 11; for 25* = 23 
one QE with /qe = 4.5 and Ih = 11-5; and for 2S = 24 no QE's and Ih = 12. Adding the 
angular momenta of the identical Permion QE's gives L^, the electron angular momenta of 
the lowest band; adding to Lg the angular momentum Ih gives the set of allowed multiplets 
appearing in the low-energy sector. Por example, in Pig. 0(b") the allowed values of Lg are 
1 © 3 © 5 © 7, and the multiplets at 7 and 3 have lower energy than those at 1 and 5. Pour 
low-energy bands appear at 4 < L < 18, 8 < L < 14, 6 < L < 16, and 10 < L < 12, 
resulting from = 7, 3, 5, and 1, respectively. 

C. Intermediate Coupling 

Por d ^ 1, the electron-hole interaction results in formation of bound states of a hole 
and one or more QE's. In the two-electron-one-hole system, the X^ and X~ unbind for 
d ^ 1, but interaction with the surrounding unbound electrons in a larger system can lead to 
persistence of these excitonic states beyond d = 1. Por example, the band of states at d = 
in Pig. |I|(a) that we associated with an X~ interacting with a QH persists at c/ = 1.5 in 
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Fig. |T|(a'). However, it appears to cross another low-energy band that extends from L = 3 to 
8. This latter band can be interpreted in terms of three QE's interacting with the hole as was 
done in the weak-coupling limit shown in Fig. |l|(a"). The other bands of the weak-coupling 
regime (those beginning at L = 5, 6, 7, 8, and 9) have disappeared into the continuum of 
higher states as a result of the increase of Veh- 

For 25* = 22, the lowest band can be interpreted in terms of one X~ interacting with two 
QH's of the generalized CF picture. The X~ has Z^c- = 3 and the QH's each have /qh = 4. 
The allowed values of L2QH are 7, 5, 3, and 1, and the "molecular" state QH2 which has the 
smallest average QH-QH distance would have /qhj = 7. This gives a band of X~ + QHj 
states going from L = /qHj — ^x- = 4 to ZqHj + ^x- ~ higher band might result from 

the 2QH state at -L2QH = 5 interacting with the X" to give 2 < L < 8. The lower band 
beginning at L = 4 could also be interpreted as a hole interacting with two QE's of the 
nine-electron system (each QE having /qe = 4). This would produce a band of states with 
4 < L < 18 (arising from /qej = 7 and Ih = 11). Because the states with L > 8 merge 
with the continuum, we cannot determine which of these descriptions is more appropriate 
for d ^ 1.5 based on the energy spectra alone (to do so we must analyze the eigenstates). 

For 25* = 23, there are two low-lying bands. The first contains a hole with Ih = 11.5 
and a QE with Zqe = 4.5. This gives rise to a band extending from L = 7 to 16. A second 
band contains an additional QE-QH pair. The cost in energy of creating this addition pair 
is comparable to the energy gained through the interaction of the addition QE with the hole. 
The lowest /iQE2 state occurs at //iqEj = 4 — ^qEj = 3.5 (this results from choosing /2QE = 8, 
the largest value from the set of allowed L2QE = 8, 6, 4, 2, and 0) and adding Ihqe^ to 
^QH = 3.5 to obtain a band with < L < 7. The state with L = 7 in missing, undoubtedly 
due to the large QE-QH repulsion at /qe-qh = 1 O- 

For 2S = 24, the ground state at d = 1.5 contains one hole with Ih = 12 and QE-QH pair 
with Zqe = 5 and Zqh = 4. The hole and QE bind giving a set of states with Ihqe satisfying 
7 = Ih — Iqe < hqE ^ h + ^qe = 17. The most strongly bound state has IhQE = 7. Adding 
^hQE = 7 to /qh = 4 gives band 3 < L < 11 marked in Fig. 0(d'). This band has lower energy 
than the Laughlin state of nine electrons and the hole which occurs at L = Ih = 12. 



III. PHOTOLUMINESCENCE 

Exact numerical diagonalization gives both the eigenvalues and the eigenfunctions. The 
low-energy states \i) of the initial A^-electron-one-hole system have just been discussed. The 
final states |/) contain N' = N — 1 electrons and no holes. The recombination of an electron- 
hole pair is proportional to the square of the matrix element of the photoluminescence 

operator C. We have evaluated for all of the low-lying initial states and have 

found the following results . (i) Conservation of the total angular momentum L is at most 
weakly violated through the scattering of "spectator" particles (electrons or quasiparticles) 
which do not participate directly in the recombination process if the filling factor ly is less 
than or equal to approximately |. (ii) In the strong-coupling region, the neutral X° line is the 
dominant feature of the PL spectrum. The X~QH2 state has very small oscillator strength 
for radiative recombination, (iii) For intermediate coupling, the /1QE2 and an excited state 
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of the /iQE (which we denote by /iQE*) are the only states with large oscillator strength for 
photoluminescence . 

At zero temperature (T = 0), all initial states must be ground states of the A^-electron- 
one-hole system. At finite but low temperatures, excited initial states contribute to the PL 
spectrum. The photoluminescence intensity is proportional to 

w,^f = —Z-'J2e-'^'''\{f\^\^)\ m-Ef-hu), (1) 

where = ksT and Z = It is worth illustrating how the hQE2 —>■ QH + hu 

process satisfies the AL = selection rule. An initial state containing one hole and two 
QE's of an A^-electron system must have 25* = 3(A^ — 1) — 2 = 3N — 5. Each QE will have 
Iqe = ^{N — 1) and the hole has Ih = S = — |. The most strongly bound hQE2 state 
has ZqEj = 2/qe - 1 = - 2 and Ihqe^ = k - Iqe^ = 1(^-1). The final state contains 
N' = N — 1 electrons and a single QE with /qh = S — {N' — 1) = |(A^ " !)• Thus the initial 
and final states each have L = |(A^ ~ 1), so the AL = selection rule is satisfied. The same 
thing can be done for the excited hQE* complex (with L larger by one unit than the ground 
state of the hQE). It satisfies the AL = selection rule, but the ground state hQE does not. 
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